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Abstract 
Multi-scale mechanics problems require the use of an appropriate upscaling approach to link micro-scale 
architecture (e.g., grain structure, defect population, crystal orientation) to macro-scale effective response (e.g., 
stress, elastoplastic properties, damage). For brittle materials, failure is often associated with crack growth from 
pre-existing flaws in the material, and with the subsequent coalescence of these cracks. For low strain rates, the 
simplifying assumption that failure is governed by the largest flaw may be justified. For high strain rates, 
however, a wider range of the pre-existing flaw population leads to crack initiation prior to failure, making the 
analysis significantly more complex. Previous analytical models of this high strain-rate behavior apply one of 
two assumptions: flaws are uniformly sized and periodically located; or, cracks initiated from flaws do not 
interact. Both of these assumptions are questionable given that these materials are quite heterogeneous at the 
micro-scale and that fragmentation of these materials exhibit clear crack interactions. Paliwal & Ramesh [1,2] 
recently addressed this issue by applying a self- consistent model that treats each flaw as residing within an 
ellipse of pristine (uncracked) material surrounded by a damaged material. In this way, crack growth from each 
flaw is at least affected indirectly by the presence of cracks from other flaws; however, this model does not 
address explicit interactions of cracks. In the current research, a probabilistic approach is used to define the 
proportion of cracks that intersect each other in a given load step. Once two cracks interact, then they are treated 
as a single larger crack. This model provides a stress-time or stress-strain history at a fixed strain rate loading. 
Results show that the predictions of strength from the model with explicit crack interactions are reduced from 
those predicted by the non-probabilistic self-consistent model.  
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1. Introduction 
In this section, we provide a very brief overview of the Paliwal & Ramesh model and describe how explicit 
flaw interactions are incorporated into this model through a probabilistic updating of the flaw population. The 
nomenclature used throughout this paper are given in the following table. 
 
Nomenclature 
g(s,ϕ)  bivariate probability density function describing flaw size and flaw orientation 
  (s,ϕ)  wing crack length associated with flaw size s and flaw orientation ϕ 
  ˙  (s,ϕ)  crack growth rate associated with flaw size s and flaw orientation ϕ 
s half flaw-size 
KI mode I stress intensity 
KIc mode I fracture toughness 
E Young’s modulus 
ε  uniaxial strain 
˙ ε  uniaxial strain rate 
η flaw density (number of flaw per unit area) 
ϕ flaw orientation 
ν Poisson’s ratio 
σ uniaxial stress  
˙ σ  uniaxial stress rate 
Ω global damage parameter 
˙ Ω global damage rate 
B  position of 
C further nomenclature continues down the page inside the text box 
1.1. Paliwal & Ramesh model of dynamic brittle failure 
While the Paliwal and Ramesh model [1] is capable of addressing biaxial loading, for the purpose of 
simplicity in the current paper we consider uniaxial compressive loading. For materials that undergo dynamic 
damage, we consider the instantaneous stress rate to be a function of the instantaneous strain rate ˙ ε , strain ε , 
damage rate ˙ Ω , and damage Ω [3]: 
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where E and ν are the elastic modulus and Poisson’s ratio, respectively, of the undamaged material. The 
damage is defined as [1}: 
 
       (2) 
 
 
with the damage rate therefore:       
 
       (3) 
 
 
where η is the number density of flaws per unit area, s and ϕ are the half-length and orientation of flaws,  
respectively, g(s,ϕ)  is the joint probability density function describing the sizes and orientations of flaws, smin 
and smax are the minimum and maximum flaw size, respectively, and  (s,ϕ)  and   ˙  (s,ϕ)  are the instantaneous 
crack length and crack growth rate, respectively, associated with flaw size s and orientation ϕ . The crack growtb 
rate is assumed to be a function of the mode I stress intensity at the crack tip: 
 
 
       (4) 
 
 
where CR is the Rayleigh wave speed, KIc is the Mode I fracture toughness of the material, and KI is the mode I 
stress intensity at the crack tip. KI is a function of the crack length  (s,ϕ) , the coefficient of friction resisting 
sliding at the flaw interface, the size s and orientation ϕ of the flaw, and the local stress state (see [1] for a full 
derivation of this). The local stress state is calculated using a self-consistent approach following Figure 1. 
Assuming that each flaw may be isolated in a pristine elliptical region surrounded by a damaged material based 
on the parameter Ω, the stresses on the ellipse are calculated based on the elasticity solution to an elastic 
elliptical inclusion in an elastic matrix. This self-consistent model is the means by which the model represents 
interaction between flaws, as each flaw interacts with the flaws surrounding it through effective damage. 
 
 
 
Fig. 1. (a) pre-existing flaws with wing cracks growing in axial direction (assume vertical compressive loading); 
(b) elliptical region around isolated flaw; (c) material outside the elliptical region represented by homogeneous 
material with global damage 
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Equations (1)-(4) show that stress depends on damage, which is a function of crack length, which depends on 
stress intensity, which is a function of the stress. Because of these interdependencies between instantaneous 
damage and instantaneous stress, solution for the stress as a function of strain requires a numerical time-stepping 
solution, which is achieved here through a simple explicit finite difference scheme. In other words, at a given 
time step, we follow this procedure: 1) use the stress from the previous time step to predict the local stress state 
through the self-consistent model; 2) use the crack lengths from the previous time step and the local stress state to 
predict the crack growth in that time step; 3) calculate the new crack lengths, the damage rate and the new 
damage value; 4) use the damage rate and damage to determine the stress at that time step; 5) return to step 1. 
1.2. Probabilistic interacting crack model 
The previous subsection provided a very brief overview of the basic Paliwal & Ramesh model [1]. This model 
treats crack interaction through the self-consistent model, which identifies the local stress state at each crack 
based on the global damage associated with all other cracks. Therefore, this model does not address crack 
coalescence explicitly. In the current work, we seek to approximate crack coalescence through a probabilistic 
approach in which the flaw population is updated at each load step to reflect cracks that have interacted with 
other flaws. The probability that a crack intersects a flaw during a given load step is calculated as the probability 
that at least one flaw centerpoint exists in a region of size 2sΔ cosϕ (represented by the shaded region in Fig. 
2). In this approximation we are neglecting the fact that the crack may change direction when approaching 
another crack or flaw; therefore the only way a crack interacts is by directly encountering a flaw. Assuming that 
flaw placement is independent and therefore follows a Poisson process, this probability is expressed as: 
 
  P[N ≥1] =1− P[N = 0] =1− e−2s⋅Δ⋅cosϕ⋅η  
 
Two interacted flaws are represented as new flaws of double the length of the original (i.e., 4s), with 
associated cracks of length 1.5   , with a flaw size double that of the original. In each load step, we calculate the 
fraction of cracks that cross other flaws and then update the flaw population to include that fraction of merged 
flaws. In other words, the flaw population is updated by reducing the number of original flaws by 2ηP[N≥1] and 
increasing the number of merged flaws by ηP[N≥1].  
 
 
Fig. 2. (a) in a given load step, the crack emanating from a flaw size 2s grows an amount Δ ; (b) crack meets 
another flaw of length 2s if there is a flaw residing in the shaded area, 2sΔ   cosϕ 
2s 
φ 
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2. Results  
Figure 3 shows the results from the original Paliwal & Ramesh model (indicated by ‘no interaction’ in the 
legend), with the current model (indicated by ‘interaction’ in the legend). For the lower flaw density, the 
difference between the two models is quite modest; however, for the higher flaw density the difference between 
the two models is significant.  
 
 
 
 
Fig. 3. Stress vs strain at a strain rate of 103/s, with different flaw density and with/without explicit interaction in 
the model 
3. Conclusions 
A model for explicit interaction of cracks in dynamic failure of brittle materials has been established. Results 
show that by explicitly representing the crack interaction, the resulting predicted strengths are lower. The 
difference is particularly notable for higher density of flaws. Future work will consider the effects of multiple 
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levels of interactions (i.e., merged flaws interacting with other flaws) and a three-dimensional implementation of 
the model. 
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